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ẋ(t) = Ax(t) +Bu(t), x(0) = x̄0, x(T1) = x̄1














Φ = {x| Cx + D ≥ 0}  U ^`S.UwD[GSwG%Ucevj0mTF^hSWSw^x[hG^Y[gAZTUWSX w(t) ∈ IRm  u(t) ∈ IRnu  x(t) ∈ IRn jyYAm












































G(s, t)x(s)ds ≤ a(t)





x(·) jeYAm u(·) 5UwD[GXY UwDAG^hY[G2je]Jc0gTUw^hFje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x(0) = x̄0, η(T1) = Fx(T1) + C
T γ + β = F x̄1 + C
T γ + β = η1
¨  ¬
0 ≤ w(t) = Cx(t) +D ⊥ λ(t) ≥ 0 ¨  ¬
¨|R¬
DAG]WG
η(t) ∈ IRn  0 ≤ γ ∈ IRm  γT (Cx(T1) + D) = 0
































rwu ≥ 2 xRQUjeR^hY[~
u(·) ^hY jeY#GXY[`je]W~yGXm#SlGU.cyLmT^`SVUW]w^hx[ZTUW^c0YAS!UwDAjeU.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Fje^hYASc0g5GXY(jeYAm½*G^hY[cyUUWj0nhG^UD[G]WG
¨»SlGXG (Jg[g<G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Slc0F.Gvg[]WG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(λ) ⊂ {t| Cx(t) +D = 0} ¨ e¬
 U^`SY[cyUwG*cy]wUwDRQ UWDAjUD[GXY
λ
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˙̃x(t) − Ãx̃(t) ∈ ∂ψΦ̃(x̃(t))
¨, 0¬
^UwD
Φ̃ = {x̃|C̃x̃+D ≥ 0} [jyYAm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u(t) = argmaxu∈UH(x(t), u, η(t))

  




uTRu+ ηT (Ax +Bu).
¨Vª2z0¬
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Hns(x, η) =
H(x, η) + ψΦ(x)
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C'D[GLgAjeg<G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SwcyhZTUw^hcyYAS'^`S'~y^hyGXY^hY (kg[g<G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cyYUWj0n¦U¢Uw^hF.GkjyYAm.SVUjUwG¨»SVUjUWG
cyYUwD[G!x5c0Z[YAm[jy]wQ n%c0F^Y[~]wc0F}jyY^hY0UWG]W^c0]Jje]nX¬%AUWcyZAnDUw^hF.GjeY5mSVUjUWG¨¥SlUWjeUwG.n%cyF^hY[~]WcyF jeYt^YUwGX]w^hcy]vje]n
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x  0 ¨ x ^hS	YAceU !GX]wc&jeYAmUwDAG'A]WSlU4Y[cyY !G]WcvGhGFGYU4ce<UwD[G'0GXn¦UWcy] x ^`S	g5cSl^Uw^hyGB¬* < ¨­UWD[G'A]SVU4Y[c0Y !GX]wcGhGFGXY0Ubcy:UwD[G0GXn¦UWcy]
x
^`Sbg<c0Sw^Uw^hyG2¬%0Sw^F^hhjy]whQc0] ≺ jyYAm 4  σf (t) = f(t+)−f(t−)
UwD[GbdVZ[Fgce<UwD[GZAYAn¦UW^c0Y
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rwu = 1




M (2) = −CBBTCT <
0
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wu) = (−1)rwuCArwu−1B(CArwu−1B)T (=
C̃Ãr−1B̃)

































M (1) = −CÃ(1)2 CT
 C'D[G
hGXj0mT^hY[~tKjy]w0cgAje]jeFGUwG] G'jeYUUWctn%c0Fg[ZTUwG^hS
M (2r+2) = (C 0)Ã2r+1(0 − C)T = −CÃ(2r+1)2 CT

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0 ≤ i ≤ α − 1 7uLZ[]c0xTdVGXn%Uw^hyG^`SUwc(SwD[cUWDAjU M (2α+2) =























































i−1 + Li−1(Q))A + Ã
(i−1)
2 Q = A
i + Li(Q)
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^UWD
























T (AT )2α−iCT = 0
cy]	jeh








































T (AT )2α−iCT = 0
c0]kjeh










0 ≤ i ≤ rwu − 2 ^hYUWD[^`S&FZ[Uw^hje]W^hjyx[Gnj0SlG.je`Slc5  YºSwZAnDºjnj0SlG0+DAjBR^YA~
M (2r




























ẋ1(t) = x1(t) + x2(t)
ẋ2(t) = x3(t)
ẋ3(t) = x4(t) + x3(t)
ẋ4(t) = x4(t) + x6(t)
ẋ5(t) = x5(t) + x1(t)
ẋ6(t) = u(t)















λ ∈ IRm 	cyZ[Uwg[ZTU






































ξ̇(t) = Ãξξ(t) + B̃ξz1(t)
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  ¶)¶  )GU
Q ≥ 0 jyYAmhG%U L ∈ IRn×n x5GSwZAnDUWDAjU LTL = Q 4C'D[GvUW]WjyYASVGX]ZAYAn¦UW^c0YUWDAjUkn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(−AT , LT , BT ) T^» Gy	UWD[GjymBdVc0^YUSlQTSlUwGXFUwc (A,B,L) ©Éqe|[Tg)És# 0z«?¸ cyY5Sl^`mTG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jeYAcyY[^`n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FSL^Y ¨»sy¬vjyYAm(¨|R¬¦+]WGXSwg5G2n¦UW^0GhQy
[]WcyF
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B(α)B(−α) = 0 je]WGFcTmTGXS ce+UWD[GJFjUW]w^ Ãξ
bOR^hYAn%GJUwD[G
cy]mTGX]*cy
B(α)B(−α) ^`Sg[]WGXn^hSwGhQ 2(n− rwu) [UwD[G]WGXSwZ[U*c0hckSX
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cyvSwZAnD jºmTQRYAjyF^hnXjekSwQRSlUwGXF ^YR0cyh^hY[~ n%c0F.gAGXF.GXYUWje]WQ?Sw`jynRY[GXSWSncyYAm[^UW^c0YAS [c0]^YASlUWjyYAn%G0DAjeU^hS.UWD[G
FG2jeY[^hY[~tcy
λ ≥ 0 ^ λ ^hS.Y[cyUjºFGXj0SlZ[]WGº¨»mT^`SVUW]w^hx[ZTUW^c0YAje'FZAUW^g[h^hG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GXSWS¨,*&u&ORa ¬j0S
^U^`S^YUw]WcTmTZAnGXm ^Y ©hªe s2«? DA^hnD g[]Wc^`mTG2S.j½]W^~0cy]WcyZAS]jeFG*cy]W UwcSlUwZAmTQ(UwD[GmTQRYAjyF^hnXS^Y ¨|R¬¨¥j0¬¨»nX¬%



















C'D[GSwG%Ukcy¢SwZAnDZ[YAn%Uw^hcyYAS^`SkmTGXY[ceUWGXmjyS F∞(I ; IR) =
∩k∈INFk(I ; IR)
A^UwD Fk(I ; IR) = {h ∈ Fk−1(I ; IR) : ĥ(k) := d
+
dt
[ĥ(k−1)] ∈ RCSLBV (I ; IR)}   Yg5je]wUw^`n%Z[`je]




F ∈ F∞(I ; IR)
*^UDAj0Sj
. Z[YAn%Uw^hcyY-/tg5je]wUmTGXY[ceUWGXm j0S {T}(·) = [F̂ (n)](·) &jeYAm j . F.G2jySwZ[]WG0/gAje]wUm[GY[cyUwGXm jyS  T  SlZAnD UwDAjeU
〈 T , ϕ〉 =
∫ +∞
−∞ ϕ d[F̂








ce+hcTnjeAx5c0Z[YAmTG2mje]W^hjeUw^hcyY© s2«?¢C'DRZAS Tn(I)m[GY[cyUwGXSJUwDAG!SwG%ULcyjeh	O[nD'je]wU !0¡5mT^`SlUw]W^x[Z[Uw^hcyYASvSlZ5nD UwDAjeUJUWD[G]WGGR^`SlUWSvjZ[YAn%Uw^hcyY












n+ 1 if n ≥ 1
1 if n = 0 and E0({T}) 6= ∅






DAj0S'mTG~0]wGXG [RGUWne ¸ c0YUw^hYZAcyZASZ[YAn%Uw^hcyYAS*DAjB0GvmTGX~y]WGG
zA4jeYAm(m[^hSWn%c0Y0UW^YRZ[c0ZAS&Z[Y5n¦Uw^hcyY5SDAjB0GmTGX~y]WGG ªyºC'D[G¥j0n¦UUWDAjU!UwD[GmT^`SVUW]w^hx[ZTUW^c0YAS*G*cy]Wº^UwD#cy]W^~0^YAjeUwG
]WcyF f*¼ ZAYAn¦UW^c0YAS+^`Sn%]WZAn^hjyc0]vUwD[GnDAjy]Wj0n¦UwGX]w^ !XjeUw^hcyY cybUwD[GX^]SwZ[g[g<cy]wUX.OR^Y5n%G.UwD[GY[cyUw^hcyYºce*jSwcyhZTUw^hcyY
c0]vUwD[Gc0]wFjeh^`SlF ^hYºDA^hnD½ GSwDAjeh	GF!x5G2m ¨¥|¬v^`Svn]wZ5n%^`je>jeYºG%[jeFg[hG^hS&g[]WcR^hm[GXm^hY mTG%Uje^h4^Y jeg[g<GY5mT^
fv -½GL^hYASw^hSlU*DAG]WGJcyYUwD[GL¥jyn%U UWDAjU*UwD5jU*UwD[G&Slc0Z[Uw^hcyYASUwDAjeU^h:x5G&n%c0YASl^`mTGX]wG2mY[G%RU2Rjy]wGLceSwg<GXn%^`je<x<cyZ[YAm[GXm












x ∈ IR mTGAY[GXmxRQ
TΦ(x) = cone(Φ − {x})
¨Vª2{0¬
DAG]WG
cone(Φ − {x}) mTGY[cyUwG2SUWD[G n%c0Y[G~0GY[GX]WjeUwG2mxRQ Φ − {x} mTGAY[G2m#jyS.^hY © &X«UWctUje0G^hY0UWc½j0nncyZ[YUncyYASlUw]je^hYU*R^hcy`jUW^c0YASTjyYAm
cone(Φ − {x}) ^`S^USkn%hc0SwZ[]WGy'1v^0GY jn%hc0SwGXmY[cyYAGFgTUVQncyYRyGSlGU Φ T*GSlGU
T 0Φ(z1) = Φ, T
1
Φ(z1) = TΦ(z1), T
2
Φ(z1, z2) = TT 1Φ(z1)(z2),
T iΦ(z1, ..., zi) = TT i−1
Φ
(z1,...,zi−1)




² ([    
m ≥ 2 	)+ Φ = (IR+)m ':




IR if x > 0
IR+ if x ≤ 0
jeY5m
TIR(x) = IR.
² ([    H '2&BA9+  C  @ ,#	   ' *)+ .! #   &(! -,	  *  ! 	$
T i−1Φ (z1, ..., zi−1)






(zi) = {w ∈ IRn : 〈w, v − zi〉 ≥ 0, ∀v ∈ T i−1Φ (z1, ..., zi−1)}








    #! 	SA  K 	
 * 




T i−1Φ (z1, ..., zi−1) = IR




T i−1Φ (z1, ..., zi−1) = IR





)GUZAS*^YUw]WcTmTZAnGLY[c UV*c.FjeUwD[GXFjUw^`njy<cy]WFjy^`SwFS ceUwD[G *vu&OTa¢ Acy]*UwDA^hS'*GL]WGhQZ[g<cyYUwD[GSwg5G2n%^`je+SVUjUWG
SwgAjynGv]WGgA]wG2SlGXY0UjUW^c0Y^hY½¨lª|¬%TUwDAG]wG2jySwcyYc0]'UwD[^`S'gAjy]lUW^hnZ[hjy]knD[cy^`n%Gvx<G^hY[~G%Tg[`je^hY[GXm^hY½©hª%«?
 X¥X	XX ¶)Y  
	 ¶ ( .X¥  ¢^YAm
z1, ..., zr ∈ Tr−1(IR+)
jyYAm






























Dz1 − z2 = 0
Dz2 − z3 = 0
Dz3 − z4 = 0

Dzr−1 − zr = 0
Dzr − C̃ÃrW̃−1z̃ = C̃Ãr−1B̃λ
Dξ = Ãξξ + B̃ξz1
¨lª y¬
λ = (C̃Ãr−1B̃)−1[D(r−1)  Dz1 − {z2}  + . . .+
+D  Dzr−1 − {zr} ]+  Dzr − C̃ÃrW̃−1{z} 
¨Vª  0¬
ÀÀ Ä#0[Í112

























d{z1} − {z2}(t)dt ∈ −∂ψT 0
Φ
({z1}(t+))
d{zi} − {zi+1}(t)dt ∈ −∂ψT i−1
Φ
({z1}(t−),...,{zi−1}(t−))({zi}(t+))
d{zr−1} − {zr}(t)dt ∈ −∂ψT r−2
Φ
({z1}(t−),...,{zr−2}(t−))({zr−1}(t+))





Dz̃ − W̃ ÃW̃−1z̃ − W̃ B̃λ = 0 c0] Dx̃ − Ãx̃ − B̃λ = 0 'C'D[G]WG`jUW^c0YAS~0^0GY^hY¨VªXr¬	DAjB0G'Uwcx<Gk^hY0UWG]Wg[]WG%UwG2m^YUWD[Gkc0hc^hY[~SlGXYASwGy§ ¢^hYAmY[c0Y[Y[GX~0jUW^0G]wG2je>jyZ[G2m!iJjymTc0YF.G2jySwZ[]WGXS









































*&u&ORa	ASwGGSlG2n¦UW^c0YAS [ÉqR A {T
 ² [  ²  X ²  ²ZY  X»  	 ¶ ( .X¥  ¢^hYAm
zi ∈ F∞(IR+; IR) (1 ≤ i ≤ r)
jeYAm
ξi ∈ F∞(IR+; IR)(1 ≤
i ≤ 2n− r) SwZAnDUwDAjeU¨X¬




+)) (1 ≤ i ≤ r − 1) ¨»s0sy¬





































(t) − C̃ÃrW̃−1z(t) dt
dµr
(t)]












z1, ..., zr, ξ1, ..., ξn−r ∈ F∞(IR+; IR)
jeYAmFGXj0SlZA]wG2S






































dz1 = z2(t)dt+ dν1
dz2 = z3(t)dt+ dν2
dz3 = z4(t)dt+ dν3

dzi = zi+1(t)dt + dνi
dzr−1 = zr(t)dt+ dνr−1
dzr = C̃Ã
rW̃−1z(t)dt+ C̃Ãr−1B̃dνr
ξ̇(t) = Ãξξ(t) + B̃ξz1(t)
¨>sy¬
^UwDUwD[G^hYAnZASw^hcyYAS




















FjymTGnG2je]`jUwGX]¨¥SwGG ¸ cy]Wcyh`je]W^G2S  jeY5mr[AjeYAm]WGFje]W  0¬% []WcyF ¨>s¬'jyYAm ¨»s# 0¬*^Uc0hckS*UwDAjeU
dνi({t}) = {zi}(t+) − {zi}(t−) ∈ −∂ψT i−1
Φ
({z1}(t−),...,{zi−1}(t−))({zi}(t
+)), (1 ≤ i ≤ r − 1) ¨,yz¬
jeY5m
























x− y ∈ −M−1∂ψK(x) ⇐⇒ x =
g[]WcB
M [K, y] ⇐⇒ x =
g[]Wced
M (K; y) ⇐⇒ x = argminz∈K 12 (z − y)TM(z −





  ¶  ¶ XX ¶)Y  R   0  
(z1, ..., zr, ξ) ∈ (Tr−1(IR+))n
A    #	 & -,	    A 	  R JG=R@GR@M
  *
{z}(0−) = z0 ∈ IRn
 H ':
z1 = {z1} ∈ F∞(IR+; IR)

zi ∈ Ti−1(IR+) (2 ≤ i ≤ r), ξ = {ξ} ∈
(F∞(IR+; IR))n−r
)+
({z1}, ..., {zr}, ξ)





   {z}(0−) = z0 ∈ IRn

  0  
(w1, ..., wr, ξ) ∈ (F∞(IR+; IR))n





  * {z}(0−) = z0 ∈ IRn

H ':


















(2 ≤ i ≤ r),
ÀÀ Ä#0[Í112
ªBs   #	, 
    #	 & -,	      A 	  R(J R2 R:$
   {z}(0−) = z0 ∈ IRn

(JYG%[jeFg[hGJ^`S4UW]wG2jUWGXm^hYmTG%Uje^h5^hYSwGXn%Uw^hcyY|A |AÉsvD[^`nDD[GXgAS Z[YAm[G]SVUjeYAmT^hY[~D[c ¨lª e¬°¨lªXry¬b^hS^YUWG~y]jUWGXm
^hY Uw^hFGjeYAm D[cUWD[GSlUWjUWG.dVZ[Fg Fjyg[g[^hY[~0S ¨.[ªX¬¨.yzy¬.*cy]W: HJceUW^hnGUWDAjUa]wc0g5cSl^Uw^hcyY ª jeg[g[h^hGXS.Uwc½UWD[G
SwcyhZTUW^c0YAScy+UwD[G&f*¼Ja jyS  GX>  U*^`SYAceUwGX c0]lUWDRQUWDAjU'^UwD[G&mT^`SVUW]w^hx[ZTUW^c0Y
z̃
^`S*jSwcyhZTUw^hcyYcy)UwDAGvmT^`SlUw]W^x[Z[Uw^hcyYAjy
gA]wc0x[GXF ^hY¨Vª e¬'¨Vª" 0¬¨Vª2ry¬4jeY5m^:UwD[G'Z[Y5n¦Uw^hcyY
ζ̃(·) ^hSjSlc0ZTUW^c0Y!cy5UWD[GkFGXj0SlZA]wG*g[]Wcyx[hGF ¨»s0se¬¨»s!y¬'¨»se|¬%eUwDAGY
{z̃}(·) = ζ̃(·) jehF.cSVUbGXyGX]wQRD[GX]wG*cyY [0, T1]
  U^`Sbje`Swcn%hGXje]	UWDAjU ^
λ
^`Sbj&FGXj0SlZA]wG0UwD[GXYx5cyUwDc0]wFjeh^`SlFS4je]WG
G2_Z[^jyGXY0U*cyY[GJUwc!GXjynDceUwDAG]2 A]wc0Fj ¸ cyYUW]wc0AGYA~y^hY[GGX] g<cy^hYU ce^hGUWD[G . ]wG2je /JSlc0ZTUW^c0Y^`SUWD[GLSwcyhZTUW^c0Yce
UWD[G&mT^hSlUw]W^hx[ZTUw^hcyY5je<cy]WFjeh^hSwF *Jc GXyGX]bUwDAGvFG2jySwZ[]wGvmT^£<GX]wGXY0UW^hjy<cy]WFjy^`SwF ^hh+g[]wc0GUwcx<Gv_Z[^UwG&ZASwG%ZA:Uwc
c0]wF!Z[`jUwGjyYGUWGYAm[GXmcygTUW^Fjy)n%cyYUW]wc0<gA]wc0x[GXF
²  Y XX ¶)Y  0  










  * {z}(0−) = z0 ∈ IRn
    %& 	 
[a, b)
     ! 
t ∈ [a, b)  '      .  >$> A  '  +
[t, σ) (σ > 0)
2&B!9 '# '   .! ,  {z}   [t, σ)   	
#	 -.!"
iGX~yZ[`je]kSwcyhZTUW^c0YAS'FjBQg5cSwSwGXSWSjynXn%Z[F!Z[`jUw^hcyY5S'ce<dVZ[FgASAx[ZTUJc0Y[QcyYUwD[GhG%­ULce4jeYRQ
t ∈ [a, b) AjyS']W^~0DUj0nnZ[FZ[`jUW^c0YAS'njyY[Y[ceUGR^`SlU'xRQm[G%AY[^Uw^hcyYbC'D[GQGXYAn%c0FgAjySWS*]w^h~yDUl°jeY5jehQ0UW^hnLSlc0Z[Uw^hcyYAS&© |0{B«?bC'D[Gvcyhhc^Y[~^`S
gA]wc0GXm^hY ©ª%«jeYAmn%c0YAn%GX]wY5S*UwD[G  ¼La ^hY¨Vª¬&¨Vª  y¬&¨Vª2ry¬¦





	     !9
z0 ∈ IRn
 * )    * R(JKSR@S=R @>

   {z}(0−) = z0 ∈ IRn
'  	   
  %& 	  	 & -,	$
    	;
X
z1(·) ≡ {z1}(·) ≥ 0

IR+X X {¯̃z}(0+) = ¯̃z′0X X.X ‖{z̃}(t)‖ ≤
√
ect‖z̃0‖, ∀ t ∈ IR+







   
   %& 	) 	 & -,	    R(JKI=R@IR: >,
  * {z̃}(0−) = z̃0 ∈ IRn
* @ 〈z̃1, ϕ〉 =




 &(!.8:&  	 Q+.56
 +QA 
z′0,i =
   [
T i−1Φ (z0,1, ..., z0,i−1); z0,i
]





T r−1Φ (z0,1, ..., z0,r−1); z0,r
]
)+
z′0,l = z0,l, (r + 1 ≤ l ≤ 2n).
 Ub^`S	g[]WcyGXmUwDAjeU4Z[Y[^`_0ZAGY[G2SwS	D[c0hmAS	^Y!UwD[Gknhj0SwS¢cy5]WG~yZAhjy]¢SwcyhZTUw^hcyY5S	cyY[hQy ( n%]WZAn%^`jeTSlUwGg^`S¢Uwc&Z[YAm[G]SVUjeYAm
UWD[GJ]WG`jUW^c0YASwD[^gx5GUV GXGY
U


















dνi = gi(t)dt+ dJi,
¨,sy¬
D[GX]wG






  ¶  ¶  X¥ X ¶)Y F R,0  









gr(t) ∈ −∂ψT r−1
Φ
({z1}(t−),...,{zr−1}(t−))({zr}(t
+)), dt− a.e. t ∈ IR+, ¨.e|R¬
	+
0 ≤ z1(t+) ⊥ dνr(t+) ≥ 0,
    ! 
t ∈ IR+ ¨.0q0¬
0 ≤ z1(t+) ⊥ gr(t+) ≥ 0, dt− a.e. t ∈ IR+.
¨.y{¬






1 ≤ i ≤ r 	+ #	 	 t ∈ IR+ 
C'DRZASXXUWD[G ncyFg[hGFGYUje]W^UVQv^Y¨|¬ ¨¥n2¬+^`S~0^0GYjJF.G2jeY[^hY[~k^UwD¨,0{y¬jyYAm¨.&¬%¢C'D[G*n%c0Y[G ¸ at^hY¨.&¬SlDAckS
DAjeU ¸ a UwD[G&FGXj0SlZA]wG2S
dνi
SwjeUw^`SVQ¨UwD[G&]W^~0cy]WcyZASFGXjeYA^Y[~.ceUwD[G&^hYAn%hZASw^c0Y^hYUWD[G&]w^h~yDUl?DAjyYAmR°Sl^`mTGkcy*¨,¬ ^hS
G%Tg[`je^hY[G2m^Yt©ªeRab]Wcyg<c0Sw^Uw^hcyY ª%«:cy]L© sRg) e{«¬¦  U ^`S ^Fg<cy]wUWjeYUbUWcY[cyUw^`n%GJUwDAjeU ~y^hyGXY {z1}(t−), ..., {zi−1}(t−)

UwDAGºFGXj0SlZA]wGºBjyZAG½mTGXg5GXYAm[ScyY {zi}(t+)









² ([     H      R    *  -2&   
m ≥ 2 	+ C̃Ãr−1B̃    $	 */& 	 ) .!   )# R9 
   H ' "       












x(·)  H ',! 
!.! 	 z̃− +	$ .!
*/R:  
* -  +&B! 9+ 	 	  '    ! 	    '   :  -,	  * '+  C  @ ,#	 *! 	 &,





 M! 	&(   A 		+  +!  A 	   , 
*;  
Cx̄0 +D ≥ 0
 * @ #		/  #	 & -,	'  *  "       	$    +!%
(w(·)) = 0  [0, T1]

(kYAceUwDAG]*^Fg<cy]wUWjeYU*UwcRcy:^`S UwD[Gvcyhhc^Y[~$ ¸ a D[^hnDD[cy`m[S*cyYUw^hFGL^hYUwG]Wje`S
[τ − ε, τ)  ε > 0 RcyYDA^hnD
z1(t)
^`S^`mTGYUW^hnXjehQ !XG]WcA§
0 ≤ λ(t) ⊥ C̃ÃrW̃−1z̃(t+) + C̃Ãr−1B̃λ(t) ≥ 0 ¨, 0¬




C'D[^`S ¸ aFcyY[^Uwc0]WSUwD[G½G0cyhZTUw^hcyY cyUwD[G
FZAUW^g[h^hG]
λ(·) cy] t ∈ [τ − ε, τ) C'D[GFjUW]w^cy	UwD[^`S ¸ a ^hS'UWD[GhGXj0mT^YA~Kje]Wycg5je]jeFG%UWG] M (2rwu)  -ºGUwDAG]WG%cy]WGDAjByGjeUcyZ[]m[^hSwg5cSwjyj n%c0Fg[GUwGmTQRYAjyF^hnXjeSwQTSVUWGF DA^hnDjehhckS&ZASUWc ~y^hyGjFGXjeYA^Y[~UWcUwD[G
SwQRSlUwGXF^hY#¨¥|¬¦<c0]LjeYRQ^YA^UW^hjy¢m[jeUWjjyYAmcy]vjeh
t ≥ 0 JC'D[^`SL^hSLjA]SVUvn%]WZAn%^`je¢SVUWGg c0]kUwDAGZ[YAm[G]SVUjeYAmT^hY[~cyUwDAGY[GXnGXSWSwjy]wQncyYAmT^Uw^hcyY5S'cec0gTUw^hFjeh^UVQ0
 ¶  ¶  »T ³  		/ - T 9!  , 1R(JPR@ R@ 
D' d
dt
H({x}(t), {η}(t)) = 0 	    @;	
%  "
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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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dνη = [0n×n In]W̃−1(dν1 . . . dνr−1 M (r)dνr)T
  Y jºA]SlUSlUwGXg)*^U^`S
YAGXn%G2SwSWje]WQUwc~0^0G&j.FGXjyY[^hY[~.Uwc ¨|R¬&¨¥j0¬&¨»nX¬%AjySj.*Gh?g5cSlG2mm[QY5jeF^hnXje+SwQRSlUwGXF
 ²  (   0  & 1A  + *      *S1 2 != *+*    @
  )  '#"        2& )'
rwu = 2k

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  :'   3  5$  ,SR	 	)+Q&(!.8:& :
  ,'#	L+  * *       %& 	   	 & -,	  














^`SjeYºjyYAjehQUw^`nZAYAn¦UW^c0YºcyUw^hFGjeYAmt]wc0F ¨|R¬!¨»j0¬LjeYAm ¨»q0¬L GmTGXm[ZAn%G.UwD5jU
















^hS!cTm[m+4UWD[Gf*¼La ¨¥|¬¨¥j0¬¨x5¬¨»nX¬DAjyS!Y[c Slc0ZTUW^c0Y) C'D[G
*Gh>g<c0SwGXmTYAGXSWS	ce<UwD[G  ¼La ¨|0¬k¨¥j0¬'¨»nX¬4jyYAm.ce:UwDAGkf ¼La ¨|R¬'¨¥j0¬k¨x5¬¨»nX¬%jy]wG*UV*cv0G]WQmT^`SVUW^Y5n¦UY[cyUw^hcyYASJ¨¥jySSwjy^hm
jyx5c0Gy^Ubn%cyZAhm!G0GY.x5G'UWDAjU	UwDAGkf ¼La ^hS	*Gh?g<c0SwGXmDAGYG`jySlUw^`n)dVZAF.g5Sbje]WG ^hYUw]WcTmTZAn%G2mA¬¦ *kc*G0G]4SlUwZAmTQR^hY[~
j~0cRcRmºc0]wFjeh^`SlF cy]UWD[G  ¼Ja	^h jyhc Z5S&Uwcx<G%UwUwGX]Z[YAm[G]SVUjeYAmºUwDAGf*¼Ja	  Y gAjy]lUW^hnZ[`je]UWD[GSlUwZAmTQºce
hcTnjybg[]Wcyg<G]wUw^hGXS&ce'UWD[Gcyg[Uw^hFjySwcyhZTUw^hcyYnjyY½UWje0GjymTjyY0Uje~0G.cy UWD[G  ¼La SVUWZAmTQy	jyS GX*jySvcy]YZAF.GX]w^`njy
^hYUwGX~y]jUw^hcyY(JSLg5c0^YUwG2m cyZ[UL^hY UwD[G!^YUW]wcTmTZAn%Uw^hcyY)5UwDAG!GR^`SlUwGY5n%GcySlc0ZTUW^c0YASUWcUWD[GF^hY[^F^ !XjeUw^hcyYg[]WcyxAGXF
¨lª2¬'¨>sy¬¦^`Sbj&]wG2jynDAjyx[^h^UVQg[]Wcyx[hGF ¸ cyYAnG]WY[^YA~LUWD[GJf*¼Ja ^hY¨|¬¨»j0¬'¨¥x5¬¨¥n2¬¦ GFjyyG*UwD[GLnD[cy^`n%G*UwcGXFx<GXm^U









cyUWD[Gf ¼La ^Y ¨|¬LUwcx5G]WG~0Z[hjy]X.C'D[GY½D[c SlD[c0Z[`mtc0Y[G!GRUwGY5mtUWD[GF^Y[^hF^ !2jUW^c0Yºg[]WcyxAGXFN^Y ¨VªB¬¨»s0¬LSwc
UWDAjUUWD[GSwG%Uce	GX_ZAjeUw^hcyYASncyYAmT^Uw^hcyY5S^hY¨Vª e¬&¨Vª" ¬v¨VªXr¬*]wGXg[]WGXSwGYU UWD[GY[G2n%GXSWSWje]WQcygTUW^Fjeh^UVQn%c0YAmT^Uw^hcyYAS®
   '    *&
C'DAGbA]SVU	_Z[GXSlUw^hcyY&UWDAjU4n%c0F.G2S+UWcJcyYAGy¡ SF^hYAm^`S§jygAje]wU)]WcyF ~yGUlUW^Y[~vjkx<G%UwUwG]¢Z[YAm[G]SVUjeYAmT^hY[~LceTUwDAG mTQRYAjyF.^`njy




¨|R¬¢^YUWcLUWD[G*vu&OTa ®  Ycy]mTGX]UWc&~yG%Ujvg[]WGh^hF.^hYAjy]wQjyYASl*G]2hG%UbZAS4G[jeF^YAG UWD[GkSw^Fg[hGnjySwG'D[G]WG*UwD[GkSwQTSVUWGF
¨»s0¬&^`S~y^hyGXY½^hY UwDAG





















¨»s0qe¬ ¨>se{0¬% (JSWSlZ[FGYAc UWDAjU {z1}(t) = 0
jyYAm {zi}(t) < 0
*cy]SwcyFG
t ∈ [0, T1]
jyYAm jeh
2 ≤ i ≤ r C'DRZASL]wc0F ¨,0zy¬¨.[ªB¬JjdVZ[Fgº^hY {zi}(·)











    %'*   )  -
η(·)  ,  ) !* #

























^U {η}(τ+) = {η}(τ−) − CTλ1
® C'D[^`S'^`SY[ceUkjeUJjeh+GX_Z[^hBjyGXYUX




  ≤ 2  )+  	   	 	 ' zi(·)






  )   .A 	 7+  @!  -*B& 	& &(! -,	 
t
    	;  *  &B!   !  




η(·) = {η}(·) T2&    t 
  ¶)¶  C'D[G.A]WSlUjySWSlGX]lUW^c0Ytn%c0FGXSv]WcyF}UwDAG
z̃− mTQRYAjeF^`nSX!HJc ^ x(·) ^`SjZAYAn¦UW^c0Y½jyYAmtD5jyS&j!dVZ[Fg)Y[G2n%GXSWSWje]W^hQ]WcyF ¨|R¬mTG~
(η) ≥ 2 kC'DRZASkYAGXn%G2SwSWje]W^hQm[G~ (λ) ≥ 3 DA^hnD ^`SLjn%cyYUW]Wj0mT^hn%Uw^hcyY)"¢^hYAjehQ z̃ = W̃ x̃jeY5m(UWD[GUw]jeYASlcy]WFjUw^hcyY#FjeUw]W^
W̃
^`SSw_ZAjy]wGZ[J]WjyY[: C'DRZAS.^
η(·) ^hSncyYUw^hYRZ[cyZASjeU t 'Slc½^`S z̃(·)  ORcY[G2n%GXSWSWje]W^hQ
η(·) D5jyS*Uwcx<GmT^`SwncyYUw^hYRZ[cyZ5S ^ zr(·)
^`SbC'D[GSwGXncyYAmgAje]wUce¢UwD[Ga]wc0g5cSl^Uw^hcyY^hS'gA]wc0GXm+
ab]Wcyg<c0Sw^UW^c0Y SWjBQRSY[ceUWD[^hY[~cyYUwD[GvmTG%AYA^UW^c0Yce+UWD[GbdVZ[Fg)§bnG2je]WQ.^
M (r) ≤ 0 jyYAm^) GvjymTF^UUWDAjU UwD[GSwQRSlUwGXF ^hY(¨|R¬'^hSJGF!x5G2m[mTGXm^hYUwDAG *vu&ORa	5UwD[GXYUwD[Gg5cSVUwdVZ[FgSlUWjeUwG^`SY[cyUJ GXmTG%AYAGXm+"¢^Y5jehQUwD[GkdVZ[Fg
^hY





  ¶  ¶ XX ¶)Y  0  
m = nu = 1
  	 	 '
zi(·)

1 ≤ i ≤ r − 1    ! 	 -*B& &  t 
%  	 zr(·)
  
+ :! 	 *E& 	&  &()! -,	 #
t
   )+ 	 	   
(AT )jση(t) ∈    (BT )   0 ≤ j ≤ rwu − 1 
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0 ≤ j ≤ n− 1 OR^hYAn%G Mi^`SjeY
n− ]Wc jeYAm F ^`SjSwnXje`je]2RjyYAmSl^hYAnG rwu ≤ n TUWD[Gg[]Wccyc0hckS
 ¶  ¶  ¥T ³ F 0  




(AT )jση(t) ∈   (BT )    0 ≤ j ≤ rwu − 1  H ':
u(r
wu−1)(·)   ' 	
  + +*;-*;   u(·) 
%/.!    +  @!  -*B& 	& t 
  ¶)¶  []WcyF a]wc0g5cSl^Uw^hcyY |^UcyhckS.UWDAjUmTGX~
(λ) ≤ 2 Slc½UWDAjUº¨¥|¬m[cG2S]WGg[]WGXSwGYUUwD[GtcygTUW^Fjeh^UVQncyYAm[^UW^c0YAS¢cy]J¨lª2¬'¨>sy¬	jeY5m¨>qy¬	DAcy`m[S'© | X«?4OT^YAnG
u(·) = BT η(·) 0*GkmTG2mTZAn%G'UWDAjU σu(t) = BTση(t) = 0
4OR^hYAn%G




wu−1) T]WGXnXjeh^hY[~.UwD5jU z(r−1)1 (·) = zr(·)
mTGg<GY5m[ScyY
u(r
wu−1)(·) uLY[GY[ceUW^hnGXS]WcyF ¸ c0]wc0`je]WQs.UWDAjUkUWD[G!SwZ[F}ce	UWD[Ghc G2SVUJm[G]W^jUW^0Gce
u(·) UwD5jUL^`SJm[^hSWn%c0Y0UW^YRZ[c0ZASJjyYAmcyUWD[G]wGXhjeUw^hyGmTG~0]wGXG.jy]wGjeh*jBQTSLGX_ZAjyUWc











wu−1)(·) ^`SLmT^`SWn%cyYUW^YRZ[c0ZASkjU t <jeULjeY GXY0UW]wQUw^hFGy*Jc GXyGX]kcyZ[]Lg[]Wccybn%cyFg[hG%UWGhQm[^£:G]S]WcyFUwDAjeUL^hY©És# «>
 ¶  ¶  ¥T ³   0  
λ
A  )   2&  )+ ! '.+!  * ," #  	  !,	 &()! , *  2 @;	 &  9+ 	  *   	 & 
-,	   'D"    * R JK2R@   8:& *; #	: 	 +		  ' 	 & -,	   Q 
 
@2
  # H  @
H(t+) = H(t−)
#
t ∈ [0, T1]
  	+ 	 	   
(η(t+) − η(t−))TAx(t) = 0 
  ¶)¶  uLY[G AYAm[S¢]WcyF ab]Wcyg<c0Sw^Uw^hcyY LUWDAjU
H(t+)−H(t−) = − 12 (η(t+)−η(t−))TBBT (η(t+)−η(t−))+
(η(t+) − η(t−))TAx(t) C'DRZAS*]WcyF ab]wc0g5cSl^Uw^hcyY| H(t+) −H(t−) = (η(t+) − η(t−))TAx(t) C'D[GX]wGcy]WG4]wG2_Z[^]W^hY[~*UwD[G*n%cyYUW^YRZ[^UVQJcyUWD[G *LjeF^Uwc0Y[^`jeYjUncyYUWj0n¦USlUWjeUwG2S+ZASwZAjehQL^Fg[h^hGXS+UWDAjU	mTG~






^hSvjmT^`SlUw]W^x[Z[Uw^hcyYcymTG~0]wGXG ≥ 3   YºjSlGXYASwGy5UwD[Gn%cSVUjUwG η SwD[c0Z[hm . ^hYAn%c0]wg<cy]jUWG0/jeh)UwDAG
DA^~0D[G]Jm[G~y]WGGmT^`SlUw]W^x[Z[Uw^hcyYASX G%UJZ5SkmTGYAceUwGUwD[GUW]WjyYASlcy]WFjeUw^hcyYFjUw]W^










1 ≤ j ≤ 3 
  ¶  ¶  X¥ X ¶)Y   0  
m = nu = 1
	+
rwu = n
 H  @   +%
(λ) ≤ 2 ⇔ (b)z̃ 	+ x̃    &(! -,	 
⇔ (c)BT η 	)+ AT η    &()! ,'   	  Q+!% (λ) ≥ 3 ⇔ deg(BT η) ≥ 2   +!% (AT η) ≥ 2 







je]WGvZ[h]jeY[©Éser[[g) ! «? G%UkZASkm[GY[cyUwG
ζTi = (zi, . . . , zr)

i ≥ rwu + 1  -½G5]WSlUg[]WcyGUWDAjU   ⇒       zj(·)

n + 1 ≤ j ≤ i − 1 je]WGZ[Y5n¦Uw^hcyY5SjeY5m zi−1(·)
^`S
m[^hSWn%c0Y0UW^YRZ[c0ZASXAUWD[GY½mTG~
(λ) = r + 2 − i :jyYAm ]WGXn^g[]WcTnjyhQy-½G.Y[ceUW^hnGUwD5jUmTG~ (λ) = r + 2 − i  i ≤ r − 1 ^hFg[h^G2S'UwDAjeULmTGX~
(λ) ≥ 3 C'DAGyG2n¦Uwc0] ζi
FjBQx<GncyYASw^hm[G]WGXmjySkj
(n− 1) >0GXn¦UWcy]'cebmT^`SlUw]W^x[Z[Uw^hcyYAScy	mTGX~y]WGG2S





















































IRn 3 v ∈ &G] (BT )∩ &G] (AT ) ^hFg[h^G2SUWDAjU KT v = 0  *JGYAnG
	 	 Å4ÞlÎÄ&Ê?ÎWäÅVÇ kÑBÚ 








(BT η) ≤ 1 jeY5mmTG~ (AT η) ≤ 1^hF.gA^hGXS!UwD5jU.m[G~













(λ) ≥ 3 [mTG~ (BT η) ≤ 1 jeY5mmTGX~ (AT η) ≥ 2 
  ¶  ¶ XX ¶)Y  0  
m = nu = 1
	)+
rwu = n
 0   &) ?A  + ' 
 !    ! 	+ -,	     * * *
'D"     * R(JK 2









(λ) ≤ n )+ x(·)    ! 	 -*B& &  &()! , # τ 
%/ 	Q+!% (BT η) ≤ 1  	 *$	 	  +!% (AT η) ≤ n− 1
t

  ¶)¶  -ºGLY[ceUW^hnGkA]SVUUwDAjeU















z̃− mTQRYAjeF^`nS*^Uk^`S*GXj0Sl^hQm[GXmTZAnGXmUwDAjeUJmTG~ (λ) ≤ rwu jeU τ jyYAmUWDAjUkmTGX~ (BT η) ≤ 1 4C'D[G&hj0SVUkSlUWjUWG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(x, u, η) = 0
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dν¯̃z = (dν1 . . . dνr)
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u = BT η
  	 	
t ∈ [0, T1]
)+ 2&BA.T  !   
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dJr = 0
'#	L+  #		/ ' $  	  =T  !  !
  ¶)¶ L Yº^hG cy4UwD[G.FjUwGX]w^`jeceSwGXn%Uw^hcyYAS [hªe [ÉsjeYAm [ |[:cyY[GSwGG2SkUWDAjUv^*mTG~
(λ) ≥ 2 jeYjy~0Gx[]je^`nj0n¦UW^c0Y.D5jyS4UWcx5Gvjym[m[GXm.Uwc
I({u}) ^Y¨lª2¬%yUjeR^hY[~^YUWcjynXn%cyZAY0U4UWD[GJSlUWjeUwG {x}(·) jyYAm cy]nc0SlUWjUWG {η}(·) dVZ[FgASX
A]wc0FUwDAGF.G2jySwZ[]WGvmT^£:G]WGYUw^`je+c0]wFjy^`SlFN¨¥|0z¬¦
u = BT η
cy]kjy
t ∈ [0, T1]
FG2jeYAS*UWDAjU








η(·) ^hYt¨¥|sy¬b^hSUwc!x5GvZ[YAm[G]SVUWccTmj0S4UWD[G . Z[YAncyYASlUw]je^hY[G2m/SwcyhZTUW^c0Yce+UWD[Guv¤ '














jyYAm^U!^`S*cy]wUwDRD[^hGY[ceUW^Y[~UwDAjeU!UWD[Gjy]w~0Z[FGYUWS^hYUWD[G *LjeF^hUWcyY[^`jeY Z[Y5n¦Uw^hcyY ^Y7¨|0¬¦bje]WGZ[Y5n¦Uw^hcyY5S





u(·) ^Y ¨|Rse¬¦ A]wc0FUwD[G mT^`SVUW]w^hx[ZTUW^c0YAjeLcy]WFjeh^hSwFP¨,0r0¬ u = BT η FGXjyYASUWDAjU 〈u, ϕ〉 = 〈BT η, ϕ〉 c0]ºjy ϕ ∈ C∞0 ([0, T1])
 C'D[G]WG%c0]wG0^UWD[G#YAGXn%G2SwSWje]WQ7ncyYAm[^UW^c0Y SlQTSlUwGF ¨|R¬
GXFx<GXm[m[GXm ^hY UwD[G#m[^hSlUw]W^xAZTUw^hcyYAjy *&u&ORa ¨Vª¬?¦¨Vª2r0¬¦g5cSwSwGXSWSlG2S j mT^`SVUW]w^hx[ZTUW^c0YAje!Slc0ZTUW^c0Y ^Y Tr−1([0, T1])

UWD[G n%c0]w]WGXSwg5c0YAmT^hY[~ºSwcyhZTUW^c0Y cyJUwDAG F.G2jySwZ[]WG *&u&ORa^Y ¨»s0se¬
	+¨»s|¬mTGXncyFg5cSlG2m#j0S^Y ¨|Rsy¬!^YUWc jyY ZAYAn%c0YT
SlUw]je^hY[G2mjyYAmjncyYASlUw]je^hY[GXmgAje]wUWSX[SWjUw^`SlAGXS¨¥|se¬'jyYAmº¨¥|y¬&¨¥xRQab]Wcyg<c0Sw^UW^c0YtªvUwDAG]WG^hSj.x[^ dVGXn%Uw^hyGn%c0]w]WGXSwg<cyYT
mAjeYAnGx<G%UV*GGY Slc0ZTUW^c0YAS!ceUwDAGmT^`SlUw]W^x[Z[Uw^hcyYAjy*jyYAm UwDAGFGXj0SlZ[]WGc0]wFjy^`SlFSceUwDAG *&u&ORa ¬¦4C'D[G *JjyF^
UWcyY[^`jeYºZ[YAn%Uw^hcyY
H({x}, {u}, {η}) GjyZAjeUwG2mºjyc0Y[~UWD[GcygTUW^Fjy	Uw]jdVGXn%Uwc0]wQ(¨»jeYAmºcygTUW^Fjybn%cyYUW]wc0`¬LSwjeUw^`SV5GXS
H({x}, {u}, {η}) = sup{v}∈Ur
J
− 12{x}TQ{x} − 12{v}TR{v} + {η}T (A{x} + B{v})
Gx<GXSw~yZ[GjyFc0SlUG













z̃ = W̃ x̃
AjyYAm
ncyYASwGX_Z[GXYUwhQ 〈dJ¯̃z , ϕ〉TM〈dJ¯̃z , ϕ〉 = 〈dJ Tz̃ , ϕ〉M̃〈dJz̃ , ϕ〉 = 〈dJx̃, ϕ〉T W̃ TM̃W̃ 〈dJx̃, ϕ〉
tC'D[GSwcyhZTUW^c0YAS
jy]wGmT^`SlUw]W^x[Z[Uw^hcyYAS4^hY Tr−1([0, T1])
RSlc0Z[Uw^hcyYAS4cy5UWD[G*&u&ORa^Y¨lª ¬°¨lªXry¬% []WcyFoa]wc0g5cSl^Uw^hcyYª GknXjeYn%c0YASw^hmTGX]
G2_Z[^jyGXY0UWQ&UWD[GkSwcyhZTUw^hcyYAS¢cyAUwDAG*FG2jySwZ[]wG cy]WFjeh^hSwF ^hY¨>syse¬°¨>s|0¬% []WcyF )GXFFjv|[yUwD[GSwcyhZTUw^hcyY.ce	¨»s0se¬?¦¨»se|0¬
F^hY[^hF.^ !G2S'UwDAG_0Z5jymT]jUW^hnLUwGX]wF 1



















u(·) ^`SjZAYAn¦UW^c0Y)^UWSmTGX]w^hjUW^0GXS!FjBQ x<G mT^hSlUw]W^hx[ZTUw^hcyY5S#C'DA^hS.^`SUje0GY#^hYUwc jynXn%cyZAY0U.xRQ UwD[Gjeh~yGXx[]je^`njyn¦UW^c0YD[^`nD^`SLjZ[YAn¦UW^c0Ytcy
η
+DAGYAnG^hF.gA^`n%^UwhQ ce
u(·) jyYAm ^UWSvmTG]W^jeUw^hyGXSX ¸ c0YASw^hmTGX]JGTjyFg[GsTuLY[GD5jyS.jUUWD[Gn%cyY5Sl^`mTG]WGXm½UW^FG
u(t) = η3(t)
 A]wc0F¨lª e¬UWD[Gm[^hSlUw]W^xAZTUw^hcyYAjyG2_0Z5jeh^UVQ
Du = Dη3 =











¨|Rse¬'jeY5m½¨¥|y¬'ncy^hYAn%^`mTG^UwD ©Éq# T[G2_Z)k¨Vª0ªy |sy¬°«jeYAmº©Éq# [AGX_Z)k¨Vª0ªy |AªB¬?«?]WGXSwg<GXn¦UW^0GhQy-½GY[ceUWGD[c*GyGX]UWDAjU
UwDAG.SwcyhZTUw^hcyYºjeYAmtcygTUW^Fje	n%c0YUw]WcyhGX]J]WG~yZAhjy]w^UVQncyYAm[^UW^c0YASLj0SLSlUwZ5mT^G2m^hY#©Éq# T /r[/XªXzA /2ªyª«	jy]wG!Y[ceUv]wGXGXBjyYU
^hYc0Z[]]jeFGX c0]wSw^YAnGJUWD[Gm[jUj^hYº¨lª2¬*jeY5mt¨»s0¬*je]WGLjeY5jehQ0UW^hnvjeY5mUwDAG&SwcyhZTUW^c0Y*Gvjy]wGLcRcyR^hY[~c0]'^hS*]WG~yZAhjy]
















1 ≤ i ≤ r−1 exAZTUbcyY[hQjyFc0SlU4G0G]WQDAG]WGcyY [0, T1]
¨»SlGXG'jyhSwc¨|sy¬l¬¦4C'D[Gkjy~0Gx[]je^`n
jyn%Uw^hcyY^hS*UWD[GY G2_ZAje:UWc 1
2 〈(0n dJ Tη ), ϕ〉W̃ TM̃W̃ 〈(0n dJ Tη )T , ϕ〉

    ²   	 #	 		
 */?R   &*RR 	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ż1(t) = z2(t) (= −x2(t))
ż2(t) = z3(t) (= −η2(t))
ż3(t) = z4(t) (= η1(t))
ż4(t) = λ(t)
0 ≤ w(t) = l + z1(t), z1(t) = −x1(t)
¨¥|q0¬









1 ) < 0
 H  @ '
 $  	  	 & -,	  
z̃(t) = 0
 	 	
t ∈ (0, T1)
   * 
u(t) = 0
   	 	
t ∈ (0, T1)
	+ ' *  %  	  ! -,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! H Z&
dν2 > 0
	+
dν1 = dν3 = dν4 = 0

H ' #	 & A  .!+! ,  ) 8:& 	   〈dν2, ϕ〉2
  	  ' #	 & ,' 'Q+ .A:& -,	
#	   	   R JK R@
R: 
M' 
u = η2 = −z3
  	 98:& 	 .  + .A:& -,	'  )+ +%
(u) = 2
 H  + 
- )#	 	 & -,	 * 
  ,  :   +.*7R    &*RRK    &B!  * 
z4(t
−
1 ) < 0
  : - - )
t1
   '# +!%
(λ) = 2
     @
  2&      56)+ 
%' *  '
#+  */ T2& 
 *
z3(·) = −η2(·)
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λ
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(λ) ≥ 3 
       &   *
 *)+  &#   ) '! )+
)GUZASx[]W^hGAQºG%Tg5cSlGD[GX]wGSwcyFG.¥jyn%UWSjyx5c0ZTU *JjyF^Uwc0Y)¡ Sg[]w^hYAn^g[hGceK GXnD5jeY[^`nSvc0]#jy~y]jeY[~0^hjyYtSlQTSlUwGXFS
SwZ[xTdVGXn%UwG2m#UWcn%cyFg[hGFGXY0Uje]W^UVQ#]wGXhjeUw^hcyYASjeY5m ^hFgAjyn%UhjBkSX (JS]WGXnXjehG2m#^hY ©ª0ªe / [ÉqB«? UwD[Gj0m[mT^Uw^hcyY cej
Z[Y[^h`jUwGX]Wjy+n%cyY5SVUW]Wjy^YU*jyYAmcyjeY^FgAj0n¦U`jB^hFg[h^G2SUWDAjU*LjeF^Uwc0Y)¡ S gA]w^hYAn%^hg[hG&DAjyS Uwc.x<GvFcTmT^AGXm^Ycy]mTGX]
UwcyGGXg^USbFGXjyY[^YA~¨cyUwD[GX]w^`SlG^U*nXjeY[YAceUb]WGg[]WGXSwGYU4UwDAGkY[cyY5SlFcRceUWDGXjUWZ[]WGce:UwD[GLmTQRYAjeF^`nS¬¦4C'D[Gkg<c0Sw^UW^c0Y
^`SSlZAg[g5cSlG2mºUwc x<Gn%c0YASVUW]Wjy^YAGXmº^Y
Φ = {q| h(q(t)) ≥ 0} ^UWD h : IRn → IR ¢jyYAm½ GUjeyG T1 = 1
C'D[G
jy~y]jeY[~0^hjyY!mTQRYAjyF^hnXSb^`SbGF!x5G2m[mTG2m^YUWcK cy]WGXjyZ)¡ SbSlG2n%c0YAm.cy]mTG]Sw*GGgA^Y[~gA]wcTn%G2SwSX)G%U ZAS4A]SlU n%c0YASl^`mTGX]4UwD[G
cyhhc^Y[~.F^YA^F^ !XjUW^c0Yg[]wc0x[hGF^UwD
e ∈ [0, 1] 
F^hY[^hF.^ !G
q(0) = q0 ∈ Φ
q(1) = q1 ∈ Φ




























q(0) = q0 ∈ Φ
q(1) = q1 ∈ Φ
q̇(t+) + eq̇(t−) ∈ TΦ(q(t))
1
2
〈dJv , ϕ〉TM(q(t))〈dJv , ϕ〉 +
∫ 1
0
L(q(t), q̇(t))dt ¨| e¬
^UwD
ϕ(·) ∈ C0 jUwG2SVU&Z[Y5n¦Uw^hcyY D[cSlGSwZ[g[g<cy]wUn%cyYUje^hYAS [0, 1] )(JSSwD[cYt^hY ©hª|«bc0]&UwD[GnXjySwG e = 1 +UwDAGGRUw]WGFje+cyUwDAG&Z[YAn¦UW^c0YAje
∫ 1
0
(L(q(t), q̇(t))dt + h(q(t))λ)
¨| ¬
ZAYAmTG].UWD[G n%cyY5SVUW]Wjy^YUWS








(t) = ∇h(q(t))λ cyY [0, 1] ¢jeYAm½R^`n%G%?yGX]WSWj[C'DAGvF!Z[Uw^hg[^hG]
λ





DA^hnD njyY x5GUW]wG2jUwG2m jySj _ZAjym[]WjeUw^`ng[]wc0~y]jeFFGy4UWD[G]WGxRQ G%RUwGXYAmT^hY[~ UwD[GºmT^]WGXn%UFG%UwDAcRmASjySm[GXSWn%]W^x<GXm
^hY ©Éqe{B«? uLY[GtSwGG2SUwDAjeU^hYo¨|& y¬.UwDAG jy~y]jeY[~0^hjyY(Z[Y5n¦Uw^hcyY ^hSjeZ[~0F.GXYUwGXm UWc#n%c0g5G^UwD UwD[GZAY[^`jUWG]jeh^UVQ0
jyYAmºUwD[GF!Z[Uw^hg[^hG]^hSjFGXj0SlZA]wG0K ^F^`nR^Y[~ ©hª|«UwD[Gx5jySw^hn.^`mTGXj^`SvUwcjyZ[~yFGYU&UwDAG jy~y]jeY[~0^hjyY Z[YAn%Uw^hcyY













dx̃− Ãx̃(t)dt− dνx̃ = 0
]wc0F ¨>syse¬ 	:¨»se|0¬¦-½GmTG%5Y[G
UWD[GjeZA~yFGYUwG2mje~0]WjyY[~y^`jeYj0S
L̄({x}, {u}, dνx̃, dt) = L({x}, {u})dt+ {x̃}(t+)T dνx̃
C'D[GgA]wcTmTZAn%U {x̃}(t+)T dνx̃
^`S4]W^UwUwGYD[GX]wG'^UwDjSlUw]WcyY[~&jexAZASlGcy<YAceUWjeUw^hcyYjeYAm.]WGX_Z[^h]wG2S4Slc0FG'nXje]WGy¢C'D[G
























gdδtk = g(tk) = {x̃}(tk) = {x̃}(t+k )
¨|r0¬
'_ZAjy^UVQt¨¥|0ry¬'SwD[ckSUwDAjeU ∫
L̄({x}, {u}, dνx̃, dt)
^hS'FG2jeY[^hY[~eZA»-½GvUwD[GX]wGcy]WGLg[]Wcyg<c0SwGLjyYjyUWG]WYAjUW^0GJUWc
a]wc0g5cSl^Uw^hcyY 
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dνi
 #    '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  ¶)¶  )GUZAS)ncyYASw^`mTG]:UWD[GjeZA~yFGYUwG2m *JjeF^hUWcyY[^`jeY&FGXj0SlZA]wG
H̄({x}, {u}, dνx̃, dt) = −L̄({x}, {u}, dνx̃, dt)+
{η}T (A{x} +B{u})dt   Uk^hSkY[ceUWG*cy]wUwDRQUwD5jUJ^hYUwD[G]jeFGX c0]wcy'¨?syse¬°¨>s|0¬'c0Y[GnjyY mT]wc0g jeh)x[]jynyGUWS'jyS






























(t)dt − dνx +Ax(t)dt +Budt





(t)dt− dνη −AT η(t)dt





u(t) = argmaxu∈F∞ H̄(x, u, dνx̃, dt))GXx5G2Sl~0Z[GjehFc0SlU'GXyGX]wQRD[GX]wG¨Y[cyUw^`n%GvUwD5jUk^
u ∈ UrwuJ











dν¯̃z = (dν1 . . . dνr)
T




1 ≤ i ≤ r
x(0) = x̄0, η(T1) = Fx(T1) + C
T γ + β = F x̄1 + C



























u(·) G%T^`SVUSUWDAjU&njeY0GGgjyY GYUw]WQSVUjUwG x(τ) ^hYASl^`mTG Φ kC'D[GXYtSwZ[]wGXQjeY c0gTUw^hFje)UW]WjedVGXn%Uwcy]WQD[^`nDg<c0SWSwGXSWSlG2Sj!x<cyZAYAm[je]WQje]ne[nXjeY[YAceUgAjySWS*UwDA]wc0Z[~yDUwD[^`S
x(τ)
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 ^`¬'C'D[G&gAjy^] (A,B) ^`Sn%cyYUW]wc0`jex[hGy
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À Ä#0[Í112
se|   #	, 
 ^^­¬  F (B) ⊆ &GX] (C) 
 ^^h^­¬ D = 0  C 6= 0 jyYAm m = 1 




rwu ≥ 2 LC'D[G.njySwG rwu = 1 ^h¢x<GUW]wG2jUwG2mx[ZTUmTGXSwG]WyG2SSwg<GXn%^`jebjeUlUWGYUw^hcyY))-½G]wG2SVUW]w^`n¦Uc0Z[]WSwGhyG2SLUwcUwD[GnXjySwG
D = 0









































r(x, u) : ∂Φ ×U → IN ∪ {+∞}
jyYAm
r(x, u) = min{i ∈ IN | w(i)(x, u) 6= 0}
^UwD
r(x, u) = +∞ ^ w(i)(x, u) = 0 cy]vjeh i ∈ IN 5D[G]WG U ^hSkUwD[G!SlGUJce4g[^hGXnG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hQm[^£:G]WGYUw^`jexAGB¬^hY[g[Z[UWSX
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G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^`SlGvSlFcRceUWD
u(·) (n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0Ghcyg<GXm^hYSwGXn%Uw^hcyY[*Gjy]wGcRc0^hY[~ºcy]j Slc0Z[Uw^hcyY(UWDAjU^`S.]wGX~yZ[`je].^Y UwDAGSwGY5SlGce&mTG%AYA^UW^c0Y7ªe C'DRZAS
x(·) ^`SjeYAjyQUw^`ncyY















R^hG cyab]Wcyg<c0Sw^UW^c0Y )UwD[^`Sv^hS&G2_0ZA^jehGYUvUwcjySWSlZAF.^hY[~UwDAjeUvUWD[GSlGU&cy jym[F.^`SWSl^hx[hG.ncyYUw]Wcy`SJ^`Sv]wG2SVUW]w^`n¦UWGXmUwc
gA^G2n%G^`SwG'jyYAjehQUw^`n Z[YAn¦UW^c0YAS {u}(·) ¨¥^» GyUwDAGkSlZ[gAg5c0]lUbcy5UWD[GkjUWcyF^hn*gAjy]lUbcy λ ^`S	AYA^UWG2¬	jeY5mUWDAjUb]WGXj0nDAjexA^h^UVQDAcy`m[Sk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Y
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.¢^hYAjehhQºFc0SlUcy*UWD[G]WGXSwZ[UWS!SVUjUwG2m x5GXcD[c0hm½c0]
m ≥ 2 xAZTU.j0SwSwZ[F^YA~UwDAjeUUWD[G]WG&^hSkcyY[hQcyYAG&ncyYASlUw]je^hYU UWDAjUk^`Skj0n¦Uw^hyG&jUUWD[Gn%c0YASw^hmTGX]wG2mUW^FGy
 ²  (   R  H '  	 		
 *   	L+ 
  χcon = {x ∈ ∂Φ | ∃ u ∈ U
 &B!  '# {r(x, u) < +∞ 	+ :; :  )+ w(r(x,u)) > 0},  {r(x, u) <
+∞ 	+ ++> 	)+ w(r(x,u)) < 0} 
  χrel = {x ∈ ∂Φ | ∃ u ∈ U
2&B!  '
r(x, u) < +∞ 	+ w(r(x,u)) > 0}
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C = (1 0)
 H ':
χcon = {x|x1 = 0, x2 ≤ 0}

χrel = {x|x1 = 0, x2 ≥ 0}
 )+
ν∗ = {x|x1 = x2 = 0}
  
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τ
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χcon \ν∗
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(C)∩A−1(νk+  F (B)) = {x ∈
νk| CAkx = 0} n%c0Y0G]W~yG2S*Uwc'je]m[S ν∗ ^YjeULFc0SlU rwu SVUWGgAS!¨ B¬¦kC'D[^`SJ^`SkGRUw]WGFG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Fcy^hYUwG]WGXSlUD[G]WGy
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rwu = n
 H  @
ν∗ = {0} )+ u∗(·) ∈   (B)   '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(τ, τ + ε)
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u∗(·) UwDAjeUJFjeyG2S w(i)(·) GX_ZAje)Uwcz.c0]Ljeh)^hYUwG~0G]S i ≥ 1 uLY






























i ≥ 1 4]wc0F D[^hnD#cyY[GmTGXmTZ5n%GXS!UWDAjU diu∗
dti
(·) ∈ &G] (B) cy]jeh
i ≥ 0 
A]wc0F ab]wc0g5cSl^Uw^hcyYºrjyYAmtSw^hYAn%G R > 0 :UwDAG!c0gTUw^hFje4n%c0Y0UW]wc0^`SLcyxRR^c0ZASlhQ u∗ = 0 cyY [τ, τ + ε) Sw^Y5n%GceUWD[G]W^`SlGUWD[G^hY0UWG~0]Wjyjyn%Uw^hcyY
I(u)
SlUw]W^`n¦UwhQ½^YAn]wG2jySwGXSX  X.X ^`SgA]wc0GXmt]wc0F UWD[G
z− m[QY5jeF^hnXSjeYAm½UWD[G¥j0n¦UUwD5jU
ν∗ = limk→rwu νk
[^UwD
νk+1 = {x ∈ νk| CAkx = 0} ©hªXr«>- D[GXYtjySWSlZAF.g[Uw^hcyY^h^`¬J^`SLYAceUvSWjUW^hSlAG2m+
rwu = 1
jyYAm ^Uv^`SLcyxRR^c0ZASUWDAjU
ν∗ = {z| z1 = 0} = ∂Φ
La	c0^YU
 X X ce¢ab]Wcyg<c0Sw^UW^c0Yºª2z!DAcy`m[S*cy]kjyYQ
1 ≤ rwu ≤ n 
 ¶  ¶ 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T ³   0  
rwu = n
	+' A 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t ∈ [0, T1] \ {tk}1≤k≤l

l < +∞ 	+
xun(tk) ∈ ν∗
 * @ ' 	 & -,	
x(·) 1*	   98:& 	   xun(·)
 
u(·)  
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 +) 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   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D 6= 0 c0Y[GJFjBQ]WGXn%c0G]	UWD[GLgA]wGX^hcyZ5S nXjySwGkxRQj!Sl^hFg[hGJUW]WjyYASVc0]wFjeUw^hcyY)0D[c GXyGX]bUwDAGJY[GX gAje^h] (Ā, B̄)^`S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0G]JncyYUw]Wcyh`jex[hGybC'D[G!SlZ[x5SlGU
ν∗
njyYY[G0G]wUwD[GXG2SwSx<Gn%c0Fg[ZTUwG2m © syzT%/{[ 2«b©hªXrT /w¼ l «?5jySUwD[Gc0hc^hY[~
G%[jyF.gAGSwD[ckS
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A−1ν = {x ∈ IRn| Ax ∈ ν} àA¾`Û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w(t) = −x1(t) + 1
 H ':
ν∗ = {(1, 0)} )+ u∗ = 0 
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'!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 Φ # : -)  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  ¶)¶  OR^hYAnG
ν∗ = ∂Φ = {z1 = 0}
+^U^`S&cyxRR^c0ZASk]WcyFNUwD[G
z− m[QY5jeF^hnXSvce (A,B,C) UwD5jUjmT^hSWn%c0YTUW^YRZ[c0ZAS



















η(·) ¨D[^`nD^hS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rwu ≥ 2 ¬JUwD[GXY jeUGXYUw]WQUW^FGXS ^hY
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χ2k+1con = {z ∈ IRn| z(i)1 = 0
cy]kjeh
0 ≤ i ≤ 2k, w(2k+1) = z(2k+1)1 < 0}.
 YUWD[GSwjyF.G&'jBQ
χ2kcon = {z ∈ IRn| z(i)1 = 0
c0]kjeh
0 ≤ i ≤ 2k − 1, w(2k) = z(2k)1 > 0}.
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−) ≥ 0 jeYAm z(2j−1)1 (τ−) ≤ 0
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τ ∈ [0, T1]
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x(τ) ∈ χ2k+1con
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z1 = (w1 w2)
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:^ULGXY0UWG]SkUWD[G!m[cyFje^hY
ÀÀ Ä#0[Í112
s   #	, 
































DAjyS Uwc.x<Gv^hY[^Uw^`jeh^ !XGXm^UWDj.n%cSVUjUWGJUWDAjU^`S YAceUkj!SwFjeh:g5GX]lUWZ[]wx5jUw^hcyYce
η(0)

C'DAG]WG%cy]WGLUwD[GmT^`SWn%cyYUW^YRZ[c0ZASmTGg<GY5mTGYAnGx5GXDAjBR^c0Z[]'ce¢UwD[G  ¼La Slc0ZTUW^c0Y)[FjBQn]wG2jUwG&jvdVZ[Fg^YUWD[G^YA^UW^hjy



























¢^h~yZ[]WGªy§ORGXYASw^UW^R^UVQce¢UwD[Gf*¼La SwcyhZTUW^c0YAS' ]2 UX	^YA^UW^hjym[jUj
x̄0

   P	 
¢&  	
rwu = 2k + 1

k ≥ 0






UWD[^`SjySwg<GXn¦UY[c'^» Gy *GSVUWZAmTQ DAjUDAjeg[g<GY5SD[GXY j(Slc0Z[Uw^hcyY ce&UWD[GtSwQRSlUwGXF ^hY ¨|R¬DAj0Sj x<cyZ[YAmAje]WQ
jy]Wny A]wc0F )GXFFj ªcyYAGSwGG2S!UwDAjeUSlQTSlUwGFS^hY ¨>sy¬.^UwD
rwu = 2k + 1

k ≥ 0 QR^hG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η̇1(t) = q1x1(t) − aη2(t) − cλ(t)
η̇2(t) = q2x2(t) − η1(t) − bη2(t) − dλ(t)










C̃Ã2x̃(t) ≥ 0 ½HJc
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w(·) ^hhG0cyhyGjyc0Y[~ UwDAGcyg[Uw^hFjy g5jUwD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RUWD[^`S'^hS'G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^hYt¨»qyz0¬bjyYAmZASw^hY[~UWD[G  ¼La SwcyhyGX]bg[]WGXSwG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UwcUWD[GZ[Y[^hhjeUwGX]Wjybn%cyY5SVUW]Wjy^YU^hSjmT^`SlUw]W^x[Z[Uw^hcyY ce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1v^hyGXY
A ∈ IRn×n jyYAm B ∈ IRn TUWD[Gg[]Wcyx[hGFcyAY5mT^YA~ x ∈ IRn jeYAm y ∈ IRn SWjUW^hSlQR^YA~
y = Ax+B ≥ 0, x ≥ 0, xT y = 0 ¨»qy¬
^`SnjyhGXmj )^hY[G2je] ¸ cyFg[hGFGYUje]W^UVQa]wc0x[GXF ¨  ¸ a ¬¦  UJnjeYx<GGX_Z[^hjehGYUwhQ]W^UwUwGYjyS











SwZT¯n%^hGYU'cy]'UWD[G  ¸ a UWcDAjByG&j.Z[Y[^`_0ZAGSlc0ZTUW^c0Yc0]kjeYRQ
B
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• f*Q z ∈ BV (I ; IRn) ^U^`SFGXjeYU&UwD5jU z ^hSj IRn ?jehZ[GXmtZ[YAn%Uw^hcyY ce'x<cyZ[YAm[GXm½je]W^hjeUw^hcyYt^*UwD[GX]wGGR^`SlUWSjncyYASlUWjyYU
C > 0
SlZAnDUwD5jU*cy]jeh<AY[^UwGSlG2_Z[GYAnGXS


































[a, b] ⊂ I g5cSwSwGXSWSlG2S&G­Ul?^hF^US^hY ]a, b] jyYAm ]w^h~yDUw>h^F^UWS^hY [a, b[ Kcy]WGcyGX]X)UwD[GZAYAn¦UW^c0YAS
t 7→ z(t+) := lims→t,s>t z(s)
jyYAm
t 7→ z(t−) := lims→t,s<t z(s)
je]WG&x5cyUwD f*¼ Z[YAn¦UW^c0YASX
• -½GkmTGY[cyUwG'xRQ LBV (I ; IRn) UWD[GSlgAj0n%G*ce5Z[YAn¦UW^c0YAS4cy5hcRnXjehQx<cyZAYAmTGXm!je]W^hjeUw^hcyY)^> Gy¢ce5x<cyZAYAmTGXm.je]W^`jUw^hcyYc0YGXyGX]wQncyFgAjyn%UkSlZ[xA^YUwGX]wjy+ce
I

• -ºGmTGYAceUwGxQ RCLBV (I ; IRn) UwD[GSlg5jyn%Gce]W^~0D0Uw?ncyYUw^hYRZ[cyZ5S&Z[YAn%Uw^hcyYAS!cekhcTnjehhQºx<cyZ[Y5mTGXm#Bjy]w^`jUW^c0Y) U^`SRY[cYUWDAjU^
z ∈ RCLBV (I ; IRn) jeYAm [a, b] mTGXY[ceUWGXS.jtn%c0FgAjyn%U.SwZ[x[^hY0UWG]Wje*ce I 4UwDAGY z njyY(x5G]WGgA]wG2SlGXY0UWGXm^YUwDAG&cy]WF§
























i=1 ‖[z](βi) − [z](αi)‖ < ε
:c0]jeYRQn%c0hGXn%Uw^hcyYcy*mT^`SdVc0^YUSlZAx[^YUWG]WBjyhS



















• f Q z ∈ RCSLBV (I ; IRn) ^U&^hSvFGXjyY0UvUwD5jU z ^`S&j]W^~0DUl°n%cyYUW^YRZ[c0ZASZ[Y5n¦Uw^hcyYºce Swg<GXn%^`je	hcTnjehhQx<cyZAYAmTGXmje]W^hjeUw^hcyY)'^> G0
z




z ∈ RCSLBV (I ; IRn) UwD[GXY












z(t+n ) − z(t−n ) =
∑
t≥tn
z(tn) − z(t−n )
¨»{yz¬
D[GX]wG
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z ∈ LBV (I ; IRn) x<GL~0^0GY) -ºG&mTGXY[ceUWGJxRQ du UwD[GOUw^hGU¥dVG2S*F.G2jySwZ[]WGJ~yGXY[G]jUWGXmxRQ
z
	ikGXnjy:UWDAjUc0]
a ≤ b  a, b ∈ I §
dz([a, b]) = z(b+) − z(a−),
dz([a, b[) = z(b−) − z(a−),
dz(]a, b]) = z(b+) − z(a+),
dz(]a, b[) = z(b−) − z(a+).
 YgAje]wUw^`n%ZAhjy]XR*GvD5jByG
dz({a}) = z(a+) − z(a−).





I = (0,+∞) jeY5mhG%U z : Ĩ → IR x<G&UwD[G&ZAYAn¦UW^c0Y~0^0GYxRQ
z(t) = | sin(t)|, ∀t ≥ 0.
 Uk^`Sn%hGXje]'UWDAjU









(t) = cos(t− kπ) if t ∈ [kπ, (k + 1)π), (k ∈ IN).
-½GSlGXGLUWDAjU
E0(ẑ
(1)) = {kπ; k ∈ IN\{0}} jyYAm
ẑ(1)(·) = [ẑ(1)](·) + J(·),
D[GX]wG
[ẑ(1)](t) = −2k + cos(t− kπ) if t ∈ [kπ, (k + 1)π], (k ∈ IN)
jeY5m
J(t) = 2k if t ∈ [kπ, (k + 1)π], (k ∈ IN).
C'DRZAS





[ẑ(1)](t) = −| sin(t)|
ÀÀ Ä#0[Í112
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Swc.UwDAjeU




(−1)mẑ(0)(t) if k = 2m
(−1)mẑ(1)(t) if k = 2m+ 1 , (m ∈ IN),
Swc.UwDAjeU
ẑ(k) ∈ RCSLBV (Ĩ ; IR), ∀k ∈ IN [jyYAmUwDRZAS







| sin(t)|ϕ(t)dt, ∀ ϕ ∈ C∞0 (I).
C'DAGYcy]Jj.~y^hyGXYZ[Y5n¦Uw^hcyY


























T ≡ {T} = ẑ(0) = | sin(.)|, deg(T ) = 0,
DT ≡ {T (1)} = {DT} = ẑ(1) = cos(.− kπ) on [kπ, (k + 1)π) (k ∈ IN), deg(DT ) = 1,




2T ) = 2,
{T (2)} = {D2T} = ẑ(2) = −| sin(.)|,
jyYAm
d  D2T = dẑ(1).
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(A,B)
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Φ = {x| x2 ≥ 0}
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x1(·)








   ' .!:& 	 
x(T1) = 0
A  		/   '   ! ' A 	 ' !   
x(0−) > 0
   ''! 	'- *      
	 !  + A 
x1(t) + d ≥ 0

d ∈ IR * @ !  - 	 	 A 	 .M 	L+
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z− mTQRYAjeF^`nSX G%ULZ5SvncyYASw^`mTG] u(t) =
(CAr














1 (t) = v(t)
ξ̇(t) = Aξξ(t) +Bξz1(t)
w(t) = z1(t) ≥ 0
¨»{0s0¬
)G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(Aξ , Bξ)
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z1 ≥ 0
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x
(n)




1 (t) = xk(t) ≥ 0
  




u(·)  &()! ,

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ξ̇(t) = Aξξ(t) +Bξz1(t)^UwD
z1(t) ≥ 0
¥jy^`SX	C'DAGXSwGkY[GXn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